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Abstract. This paper is devoted to a systematic construction of second-order differential
equations invariant under the Poineasimilitude and conformal groups in three-dimensional
spacetime. A classification of all possible realizations of the Lie algebras under the action of the
group of local diffeomorphisms d&* is presented. Then by means of the differential invariants
the most general invariant differential equations of second order are constructed.

1. Introduction

In [1], the problem of constructing second-order differential equations invariant under
the Poincag, similitude and conformal groups in two-dimensional Minkowski space was
considered. In this paper we discuss the same problem in three-dimensional spacetime
leading to different types of invariant equations from those arising in the two-dimensional
case.

The motivation for constructing equations invariant under a prescribed symmetry group,
also known as inverse problems, is two-fold. First, we classify equations admitting some
physically important symmetry groups. Secondly, knowing that by construction these
equations are invariant we are able to solve them or at least find certain explicit particular
solutions by using the symmetry reduction method. Consequently, the inverse problem
appears to be of interest both from a mathematical and physical point of view.

The paper is organized as follows. In section 2, we give an overview of the differential
invariants and invariant equations. In section 3, we obtain the realizations of the Lie algebras
p2, 1), s(2,1) and g2, 1) by vector fields in four variableéx, y, t, u). In section 4, we
obtain the second-order differential invariants and hence the invariant equations.

Throughout the paper, the requirement of symmetry will be meant in the sense that if
a second-order equation is invariant under some one-parameter group, then this equation is
annihilated by the second-order prolongations everywhere, not only on the solution set of
the equation.

2. Mathematical preliminaries and notation

A detailed and modern discussion of the Lie theory of symmetry groups of differential
equations can be found in [2, 3]. L&t be a local Lie group of transformations acting
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on the spaceX ® U of independent and dependent variables. G& = pr™ G denote
the prolonged group action on the jet spaewhose coordinates are denoted @y ™).
The space of infinitesimal generators Gf i.e. its Lie algebra will be denoted by with
associated prolongatiogi” = pr®g.

We present a number of definitions and theorems which will be used throughout the
paper.

Definition 1. A differential invariant of order < n is a scalar functiorf : J* — R which
satisfies

1™ - (. u™)) =1, u®)
for all g™ e G™ and all (x, u™) € J".

A relative differential invariant is a differential function which is invariant, up to a factor,
under the prolonged group action. We denote the set of all differential invariants of order
k by Zi(g).

Definition 2. A set of kth order differential invariantg/y, I, ..., I} is said to form a
local basis ofZ;(g) if every differential invariant/ € Z;(g) can be locally represented
asl = F(Iy, I», ..., I,) for some smooth functio and the functiond, I, ..., I, are
functionally independent.

Proposition 3.1f I, I, ... I, € Z(g) and F (x1, x2, . .., x,) iS an arbitrary smooth function
of r variables therF (1, I, ... I,) € Zi(g).

Proposition 4.A function I : J* — R is a differential invariant for a connected
transformation groug if and only if for some differential functiom

pro(l) = p(x, u™)1
for every prolonged infinitesimal generato“po € g™.

Whenp = 0, I is called an absolute or ordinary invariant. Differential invariants permit
us to construct a number of classes of differential equations with a prescribed symmetry.
Relative invariants are equally important in the construction of invariant equations. A
classification of all wave equations using relative invariants has been carried out in [4]

In the following invariant will mean absolute invariant.

Theorem 5Let G be a transformation group and Igh, I», ... I;} be a complete system
of functionally independentth order differential invariants on an open sub®étc J”".

A system of differential equations adntit as a symmetry group iff, when restricted to the
subsetV”, it can be written in terms of the differential invariants:

Ay(x,u™)=F,(Ii, Ip,... ;) =0 v=12...,1

Lemma 6.Let v be a vector field defined oM. If xq is not a singularity ofv, sov|,, # 0,
then there exists local rectifying coordinates= (y1, y2, . .., y») Nearxp such that = 9,,.

3. Realization of the Lie algebras by vector fields

3.1. Poinca¥, similitude and conformal groups (2, 1)

The group of isometries of th€2 + 1)-dimensional Minkowski space 04, 1) with
coordinates (¢, x, y) and metric d> = dr? — dx? — dy?, i.e. the group of point
transformations leaving the distance between two points in this space invariant (norm
preserving transformations) is the Poiragroup R2,1), also called inhomogeneous
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Lorentz group. The group extended by dilations is called similitude or extended Rwoincar
group and has a structure

S(2,1) = D > (SL2, R) > T3)

where T3 are three-dimensional translations and(&IR) is the special linear group
isomorphic to @2,1) and > denotes the semidirect product. The similitude group is a
subgroup of the conformal group of spacetime, i.e. the group of all transformations leaving
the Lorentz metric form invariant. The conformal group is also locally isomorphic to the
de Sitter group S(, 2).

The conformal group @, 1) is generated by spacetime translatials ©« = 0, 1, 2,
Lorentz boostsK;, i = 1, 2, infinitesimal rotationLs, dilation D and proper conformal
transformation<,,, u = 0, 1, 2. These generators satisfy nonzero commutation relations

[KivPO]:Pi [P/L’D]ZP/L
[Po, Co] = 2D [Po, Ci] = 2K;
[P, K1l = =P [Py, L3] = —P>

[P1, Co] = —2K3 [P1, C1] = —2D
[P1, Co] = —2L3 [P2, K2] = —Po
[P2, L3] = Py [P2, Co] = —2K>
[P2, C1] = 2L3 [P2, Co] = —2D
[K1, K2] = —L3 [K1, L3] = —K>
[K1, Co] = C1 [K1, C1] = Co
[K2, Co] = C2 [K2, L3] = K
[K2, C2] = Co [L3, C1] = C2

[L3, Co]l = —C; [D, Cﬂ] =C,.

(3.1)

3.2. The Lie algebras realized by vector fields

We shall classify realizations of the Lie algebra@,d) and its subalgebrag? 1) and
c(2, 1) associated with the conformal group and its subgroups in terms of vector fields
v=E(X,y,t,wd +nx,y,t,u)dy +T(x,y, 1, u)d +d(x,y,t,u)d, (3.2)
up to diffeomorphisms

X=X,y t,u) y=Yx,y,t,u)

F=T(x, vy, t,u) i=U(x,y,t,u).
We first realize the Abelian algebta = { Py, P1, P»} in coordinatedt, x, y, u). According
to the rectification lemma 6 we can transfog which is of the form (3.2) to the standard
form 9,. On using a transformation of the form (3.3) leaviignvariant, one can transform

Py to 3,. Similarly, a transformation leavin{p,, d,} invariant leads to the translatiah.
Finally, we have the generators of coordinate translations

{P0:8t7Pl:ax7P2=8y} (34)

as the realization of the three-dimensional algebrdrom the commutation relations (3.1)
involving P, and K, K, and L3, the form of K1, K, and L3 is restricted to

Kl = (_t + Al(“))ax + Bl(u)av + (—X + Cl(u))at + Dl(u)au (35)
Ko = A(u)d, + (=1 + Ba(u))dy + (—y + Ca(u))9; + D2(u)d, (3.6)
L3 = (y 4+ A3(u))d; + (—x + B3(u))d, + C3(u)d, + D3(u)d,. (3.7)

(3.3)
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Furthermore, a transformation leavi®y, u = 0, 1, 2 invariant, namely
X=x+ o) y=y+ B f=t+y i =38u)
with appropriate choices af, 8, y andg, reducesk; to precisely one of the following:
Ky = —t3, — x3, + B1(u)d, (3.89)
Ky = —t9y — x9; + ud,. (3.80)
Further, performing a transformation leavifify, P1, P>, K1} invariant
X=x =t y=y+pwm) i=u

we can setC; = 0 or B, = 0 in K, of (3.6). If the commutation relations betweé&n, K>
andLs, i.e.

[K1, K2] = —L3 [K1, L3] = —K> [K2, L3] = K1
are imposed we find the following realizations
P i (Py=18,P1=2d, P,=2dy, K1 = —13d, —x3, Ko = =13, + (—y + C2)d,,
Lz = (y — C2)dx — x0y} (3.9)

p": {Po =8, PL=10,, P =9,, K1 = —td, — x8, + ud,,
M2
K2 = —t8y — y8t + <a - 4a> 8u,

2
L3=y8x—x8y+<a~l—za> 81,,a;é0}. (3.%)

The first realization characterizes a class of algebras corresponding to an arbitrary
function C,(u). If we restrict ourselves to the fibre preserving transformations, namely
transformations in which the change in the independent variables are unaffected by the
dependent variables, then a standard realization which we will denofeibyobtained.

We now extend the realization (3.9) to that of the similitude algel2als. If we add
a dilation generator to the standard realizat®rand again use the commutation relations
involving D, we find

D = x0, + ydy, +103; + a(u)d, a(u) arbitrary. (3.10)
On invoking a transformation
X=x r=t y=1y i =o(u)
we can transfornD to either of the following
D = xd, + yd, + 13, (3.11a)
D = x0; + yo, + 10, + ud,. (3.11b)

Obviously, g2, 1) generators remain invariant under this transformation. In conclusion, we
obtain two inequivalent realizations of the similitude algebra represented by

S {{P}, D = x9, + yd, + 13, (3.123)
S":{{P}, D = x, + yd, + 13, +ud,}. (3.1)

Similarly, the realization (319 leads to
s ((P"Y, D = x8, + yd, +13,). (3.1%)
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We should mention that if we leavR unchanged but transform the dilati@nof (3.10)
into

D = xd, +yd, + 13, + izkuau (k # 1) (3.13)
and

D = xd, + yd, + 18, — %au (m # 0) (3.14)
then the corresponding realizatiofisand S represented by

S: {{P},[) = x0y + ydy + 19, +1_2ku8u} (3.15)

S: {{P},ﬁ=x8x+y3y~l—t8,—n218u} (3.1%)

will permit us to construct certain invariant equations of physical importance.

Finally, the realizations of the algebr@&2sl) can be extended to(2, 1) by adding
generators of the proper conformal transformatiéhs u = 0,1, 2. We only present the
final results:

K':{{S"}, Co = 2xtd, + 2y10, + (x* + y* + 1D)d;,

C1 = (t*> + x* — y?)d, + 2xyd, + 2x1d,,

Ca = 2xyd, + (1% — x* + y%)d, + 2y18,} (3.169)
K" 1 ({S"), Co = 2xt0, 4 2y18, + (X + y? + 129, + 2tud,,

C1 = (12 4+ x* — y2)d, + 2xydy + 2xtd, + 2xud,,

Ca = 2xyd, + (1% — x2 + yA)d, + 2y18, + 2yud,}. (3.160)

<

2
K" : {{S”' }, Co = 2xtd, + 2ytd, + (x% + y? + %), + 2 |:_ux + ( — a> yj| Ous

=N§

Ci1= (y2 —x%_ t2)ax — 2xydy — 2xto; + 2 |:tu + (4a + a) y:| Ous
Ca = —2xyd, + (x* — y2 —1%)d, — 219,
Lt2 u2
+2|:<—4a +a>t—<4a +a)xi| au}. (3.1&)
An extension of realizations (3.&p-(3.1%) to conformal transformations can be written
as

N 4
K : {{S}, Co = 2xtd, + 2ytd, + (2 + y2 + 198, + ——tud,,

1-k%
Cy= (1> +x>— yz)ax + 2xydy + 2xt9; + 1 kuxau,
4
Cy, = nyax + (tz —x2 + yz)ay + 2yt8, + 1 kuyau, k # 1} (317&)

s oA 4
K: {{S}, Co = 2xtd, + 2ytd, + (x? + y2 + 128, — —1d,,
m
2 2 2 4
C1= ("4 x°—y9)0y + 2xy0dy + 2xt0; — —x0,,
m

4
Co = 2xyd, + (t> — x> + y%)d, + 2y18, — — yd,, m # o}. (3.1M)
: m



702 F Glngor

All transformations corresponding to these generators are fibre preserving.

4. Differential invariants and invariant equations

Once the Lie algebra of the assumed symmetry group is realized in terms of vector fields on
the spaceX ® U of independent and dependent variables, we can proceed to the construction
of invariant equations. To this end, we first asswen@riori a general differential equation
written in terms of the jet variables defined on the jet spdte Next we need to find

the nth prolongations of the vector field. Since our primary interest is in the derivation
of relativistically invariant scalar equations we will limit ourselves to the most general
second-orders = 2) partial differential equation (PDE) of the form

F(x,y, t,u,ui,u;;) =0 i,je{x, yt} (4.2)

invariant under the assumed group. One might as well consider more general equations and
construct higher-order invariant equations than in our case.

According to theorem 5, we can express equations invariant under a given group in
terms of the invariants of the prolonged group action, which require the calculation of the
second-order prolongations. Hence an invariant equation will have the form

F(,Ir,....,I;)) =0 (4.2)
where{ly, I, ..., I} forms a basis of>(g).
The second-order prolongations of the translation algepese immediate:
pr?p, = P, w=0,1,2 (4.3)

However, the other prolongations are more complicated. For example, the second

prolongation ofK; is
pr(z) Kl = Kl - utau, - uxau, - 2”)5[8 - Myr 814” - (uxx + utt)au” - uxyauy, - 2M.rfau,,~

(4.4)

Uyx

In order to find invariants one must solve a system of first-order differential equations
prPvy(F) =0 (4.5)

for each vector fieldy chosen from the algebra arfd having the form (4.1).
In the following sections, we compute the differential invariants and the invariant
equations running through each group previously realized, respectively.

4.1. Poinca¥g invariant equations

Let us find the differential invariants of the standard realization ¢f, p). From the

requirement of invariance under the algebra of translatigni follows that F should

be independent of the variablesy, . When pf2v(F) = 0 is solved, nine functionally
independent invariants are found:

Ilzu Iz:uy Ig:uyy
14:u,2—uf 15:u§t—u§y
Is =y — gy I; = (ut - ux)z(uxx + zuxt + Mtt) (46)

Is = (u; + ) (toy — 2050 + )
19 = (uxy + uyt)(ur - ux)-
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Since we wish to find the joint invariants of(3) 1) we next express the vector field
pr® K, in terms of the invariants of (# K, as coordinates, namelys, ..., Io}. If we let
F(I1, I», ..., Iy) act on pf? K, and re-express the resulting expression using the invariants
I,, w=1,...9 we find only three invariants, namely

Ji=u Jo=1Iy— I Jz=1Is— I3.
In terms of the original jet variables they can be written as
Ji=u J2=(Vu)2=uf—u§—u§ Ja=Uu=uy — Uy, — Uy,

where OO0 is the d’Alembert operator in k2, 1) with the signature(+, —, —, —).
Since pP Ly = [pr®K,, prPK,], every joint differential invariant of{Ky, K>} will
simultaneously be an invariant df;. Hence we conclude thafk, J,, J3 are invariants
of the standard Poincarrealization and the most general Poigcarvariant equation has
the form

F(u, Ou, (Vu)®> =0 4.7)

whereF is an arbitrary function of its arguments. This includes the nonlinear Klein—Gordon
(d’Alembert) equation

COu = H(u) (4.89)
and the first-order relativistic Hamilton—Jacobi equation
(Vu)>+V@u) = E. (4.80)

In passing, let us mention that the d’Alembert-eikonal system
Ou=0 (Vu)2=0

for which a general solution exists arises naturally when solving the problem of reducing
(4.89) to ordinary differential equations (ODES) [5].
In particular, setting/3/J; = A gives the linear equation

Ou = Au relR.

Furthermore, an eikonal (nonlinear) and linear wave equation are obtained by detting
andJz; = 0.

For the less standard realizatidtl', there exists no equation invariant under the full
group. Nevertheless, for certain subgroups a number of invariant equations can be obtained.
Among them, the most remarkable ones @ie= Au, (Vu)® = uu® andu?, — u?, = vu?.

4.2. Equations invariant under similitude group

The addition of the dilational invariance to Poinealgebra reduces the Poinganvariants
by one. The first realizatios' of s(2,1) yields the following invariants

hi=a= AL
1=J1=u 2= (Vi)
and the invariant equation becomes
Cu
Flu,——=])=0. 4.9
(” (W>2> (*9)

This equation has the form
Ou = (Vu)?h(u) (4.10)
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for some arbitrary function. Similarly the second realizatio$i' gives rise to the invariant
equation

FuOu, (Vu)?) = 0.
There exist two invariants of:

L =u*0u I = u=®tD(vy)? k# 1
The invariant equation is

F(I1, I,) = 0. (4.11)
In particular,fl = A (constant will give the nonlinear Klein—Gordon equation
Ou = aut. (4.12)

For § invariants are:
h=e"0u I = €7 (Vu)? m =0
and the invariant equation is

F(l, I,) = 0. (4.13)
Setting/; = A gives
Ou =A™ m#0 (4.14)

which is the scalar curvature equation in(2i1).

4.3. Conformally invariant equations

Since ¢2,1) contains €, 1) the conformal invariants will be constructed usin@,4)
invariantsJ; and J,. Again, due to the relation BtC; = [pr@K;, pr2Col, (i = 1,2) it
is sufficient to solve only pPCo(F) = 0 and the result will be an invariant of the full
conformal group.

On imposing the condition #Co(F) = 0 will reduce them to a single one. The
only equation invariant undek' is (Vu)? = 0. The realizationk" has a single invariant
¥ = 2I — 3J and hence the invariant equation is

Ou — 3(Vu)? = 1 (constant. (4.15)
The condition pP Co(F) = 0 with Cg as in K can be written in terms of th& invariants
as
oF oF
—k
4— 5-k— ) =0.
it ( T )81)

Hence, there is only one invariabt = (5 — k)I; — 41, being automatically an invariant of
C, and C,, which leads to the invariant equation

5—k
u*Ou — %u‘“‘“%Vu)z =A. (4.16)
In particular, whenk = 5 we obtain
Ou = Au® reR (4.17)

containing the linear wave equatioiu = 0. We remark that, more generally, the equation
Ou = AuP, p = n+ 3)/(n — 1) is conformally invariant in Mn, 1) with » > 1 and a
corresponding equation in §, 1) does not come up.

Likewise, the only invariant of is e (Ou + %(Vu)z) and leads to the invariant
equation

Ou + %(wf — €™ m 0.
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5. Conclusions

The results of this paper can be summed up as follows. We showed that there exist two
inequivalent realizations of the Poinéaalgebra (2, 1). The first one depending on arbitrary
functions of dependent variable gives rise to a natural realization when restricted to fibre
preserving transformations. The other is a less standard realizatloof (3.90). We

find three inequivalent fibre preserving realizations of the similitude algebra givesi, by

s" and s". We remark that two realizationS and § which can be transformed by a
point transformation t&" provides physically important equations. The conformal algebra
allows three inequivalent realizations. Again, we transformed the second realizdtiom

K and K for catching physically important invariant equations. In section 4, we obtained
invariant second-order equations of the form (4.1). Since there is no restriction on the
invariance condition (4.5), i.e. the equation we wish to construct is annihilated only on
the solution set, here we do not obtain evolution-type equations. Instead, we found rather
general relativistically invariant equations.

When compared with the results of [1], again we find several realizations some of which
are physically less obvious and as in the two-dimensional case include more standard ones
as special cases. As is to be expected, in both dimensions the corresponding invariant
equations include linear and nonlinear Klein—-Gordon- and eikonal-type equations. It is
interesting to note that in contrast to the two-dimensional case the conformally invariant
equations here are quite specific, namely we do not have a class of equations, but rather
a single equation. In particular we obtaingk = Au® as a conformal invariant equation
which does not have a counterpart ifM1).

As a by-product of the classification of invariant equations one can perform symmetry
reductions of the invariant equations obtained in section 4 and find group invariant solutions.
For instance, using the results of classification of all subgroups of the similitude group in
M (2, 1) given in [6] we can classify reduced equations which result in PDEs in two variables
and ODEs corresponding to one- and two-dimensional subgroups with generic orbits of
codimension two and one respectively. Next, we can perform a singularity analysis for the
second-order ODEs and pick out those of having Pasfgoperty and hence obtain exact
solutions. We plan to return to this problem in the near future.

Finally, we finish by stating that it is always desirable to have a classification of
equations admitting a given group at one’s disposal. For, by construction, they are
invariant under the group and symmetry methods and are immediately applicable to study
these equations from several respects such as finding symmetry reductions, hence finding
exact solutions, identifying integrable equations and establishing a connection between
integrability and symmetry.
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